Abstract. Nice quartinomial equations are given for unramified coverings of the affine line in nonzero characteristic p with PSU(2m − 1, q ) and SU(2m − 1, q ) as Galois groups where m > 1 is any integer and q > 1 is any power of p.
Introduction
Let m > 1 be any integer, let q > 1 be any power of a prime p, let q = q 2 , consider the polynomials
polynomials giving unramified coverings of the affine line in nonzero characteristic written down in [A01] . It is a pleasure to thank Martin Liebeck for having promptly produced [Li2] at my request, and Ulrich Meierfrankenfeld for inspiring conversations.
Notation and outline
Let k p be a field of characteristic p > 0, let q > 1 be any power of p, let q = q 2 , and let m > 1 be any integer. To abbreviate frequently occurring expressions, for every integer i ≥ −1 we put i = 1 + q + q 2 + · · · + q i (convention: 0 = 1 and −1 = 0).
We shall frequently use the geometric series identity
Z − 1 and its corollary
and note that then f † is a monic polynomial of degree 2m − 2 = 1 + q + q 2 + · · · + q 2m−2 in Y with coefficients in the polynomial ring k p [T 1 , . . . , T m−1 ]. Now the constant term of f † is 1 and the Y -exponent of every other term in f † is 1 modulo p, and hence f For 1 ≤ e ≤ m − 1, let f † e be obtained by substituting
and note that then f † e is a monic polynomial of degree 2m 
Consider the monic polynomials
. . , T e ] respectively, and note that, as before, Disc
In Section 6, as a consequence of the above result about the Galois groups of
In Section 5, we give a review of linear algebra including definitions of PSU(2m − 1, q ) and SU(2m − 1, q ).
Factorization of the basic equation
by telescopically putting
and checking that then
and, for 0 ≤ µ < m − 1,
and hence
Likewise, for any integer 0 < i < m, we find a root
and, for 0 ≤ µ < i − 1,
Summing the above equations for h i with 0 < i ≤ m we get
where we have put
By factoring the LHS of the previous equation, it follows that
Note that the (µ = 0) term in the above first summation is Y 
Irreducibility
Now for 1 ≤ e ≤ m − 1 we have
and Notation. Recall that < denotes subgroup, and denotes normal subgroup. Let the groups SL(m, q) GL(m, q) and PSL(m, q) PGL(m, q) and their actions on GF(q) m and P(GF(q) m ) be as on pages 78-80 of [A03] . Let
be the canonical epimorphism where we identify the multiplicative group GF(q) * with scalar matrices which constitute the center of GL(m, q).
Now, in view of Proposition 3.1 of [A04] , by (3.0), (3.1), (4.1) and (4.2) we get the following:
Review of linear algebra
Dickson (page 131 of [Dic] ) defines the hyperorthogonal group in GF(q) on m indices as the group of all a = (a ij ) ∈ GL(m, q) which leave the m-variate form Dickson denotes this group by G m,p,s , where p s = q , and calculates (page 134 of [Dic] ) its order Ω m,p,s ; Dickson allows m = 1 and notes that (page 137 of [Dic] ) then it is a cyclic group of order q + 1. In modern terminology, this group is called the general unitary group and is denoted by GU(m, q ); see [LiK] where on the second line of Table 2 .1C on page 19, Dickson's Ω m,p,s is given as the order |I|. We also put SU(m, q ) = GU(m, q ) ∩ SL(m, q) and we call this the special unitary group; Dickson denotes this (page 137 of [Dic] ) by H m,p,s . Finally, we put PGU(m, q ) = Θ m (GU(m, q )) and PSU(m, q ) = Θ m (SU(m, q )), and we call these the projective general unitary group and projective special unitary group respectively; Dickson (page 138 of [Dic] ) denotes PSU(m, q ) by HO(m, q) and notes its simplicity provided (m, q ) = (2, 2), (2, 3), (3, 2) (note that we are always assuming m > 1).
Note that for any H < GL(m, q) we have
In case (m, q ) = (3, 2), this follows exactly as in the proof of Lemma 2.3 of [A04] because then by (22.4) of [Asc] SU(m, q ) is generated by transvections. Now the order of every transvection is p or 1, and the said proof is based on the fact that the group is generated by elements of p-power order, i.e., equivalently, the fact that it is a quasi-p group. So (5.1) holds also for (m, q ) = (3, 2); namely, SU(3, 2) is a quasi-2 group because its transvections generate a subgroup of index 4 (see lines 13-14 on page 124 of [Tay] ).
By (2.3.3), 2.10.4(ii) and 2.10.6(i) of [LiK] , for any H < GL(m, q) we have
and by 2.1.C of [LiK] we have
Since SU(m, q) is quasi-p, it is generated by the p-power elements of SU(m, q )GF(q) * , and hence these two subgroups have the same normalizer in GL(m, q). GF(q) 2m−1 we have PSU(2m − 1, q ) < G < PGU(2m − 1, q ).
Let PSU(2m − 1, q ) 1 denote PSU(2m − 1, q ) as it acts on the orbit of size (m−1 + 1) m − 2 , and let PSU(2m − 1, q ) 2 denote PSU(2m − 1, q ) as it acts on the orbit of size (m−1 + 1) m − 2 . These actions are faithful for (m, q) = (2, 4) because PSU(2m−1, q ) is simple, and for (m, q) = (2, 4) because the proper normal subgroups of PSU(3, 2) have index 2, 4 or 8 (page 124 of [Tay] ), and hence PSU(2m − 1, q ) 1 ≈ PSU(2m − 1, q ) ≈ PSU(2m − 1, q ) 2 (5.8)
where ≈ denotes isomorphism of abstract groups.
Galois groups
By (4.3), (5.1), (5.6) and (5.7) we get the following: Theorem (6.1). If GF(q) ⊂ k p , then, for 1 ≤ e ≤ m − 1, in a natural manner we have
